Abstract: A comprehensive analytical solution for the quantity of seepage into an array of fully penetrating ditches from a ponded surface has been obtained using hodograph and Schwarz-Christoffel transformation. The solution includes equations for the quantity of seepage from the seepage face part as well as the water depth part of the ditch. The solution also comprises expressions for the velocity potential at the stagnation point and the variation in seepage velocity. The variation in seepage quantity is like the shape of a curved channel whose boundary maps along a circle onto the hodograph plane. This shape is average of a semiellipse and a parabola. The seepage contribution from the nonseepage face is maximum for half full condition and it is half of the total seepage in an empty ditch ͑full seepage face͒. Irrespective of the spacing between ditches the quantities of seepage from the seepage face part and the nonseepage part are equal for one third full ditch. The solution also deals with special cases like single ditch, unequal spacing between ditches, and unequal depth of water in adjacent ditches. The expressions the quantity of seepage have been simplified in explicit algebraic equations through minimization of errors. The simplified expressions, which are near exact, result in answers in single step computations. Also, an example and graphs have been included to demonstrate the sensitivity of the parameters.
Introduction
Irrigation of agricultural land has a long and well-documented history. Irrigation plays an important role in supplying food, fiber, bio-energy, and bio-industrial needs of the growing population. Irrigation, however, has negative impacts like waterlogging and increases in soil and groundwater salinity. For example, with the introduction of irrigation by the Indira Gandhi Nahar Project ͑IGNP͒ in the semiarid region of Rajasthan State in India, the groundwater table started to rise. During 1981 During -1992 , the average water table rise was 0.92 m / year. Large areas along the main canal in the IGNP became waterlogged. Seepage from the IGNP Canal, in combination with relatively impervious layers at a shallow depth, resulted in the formation of a perched water body. Similar waterlogged conditions are prevailing in the major commands in the Punjab, Uttar Pradesh, West Bengal, Haryana, and other parts in the country. High rainfall leading to flooding may also cause water logging. Subsurface drainage provides a method to remove the excess water from a waterlogged area. Subsurface drainage is also necessary to maintain the quality and ensure all weather use of playgrounds, golf courses, race courses, parks, and others amenities. Many times an area is flooded intentionally for leaching harmful salts out of the soil ͑Youngs and Leeds-Harrison 2000͒. Thus the analysis of the drainage is important for land reclamation and improvement and for land management practices ͑Youngs 1994͒.
Exact analysis of steady drainage problems requires solution of the Laplace equation with given boundary conditions. Many investigators ͑Aravin and Numerov 1965; Tiwari 1995, 1996a,b; Barua and Hoffmann 2005; Dagan 1964 Dagan , 1965a Fukunda 1957; Ilyinsky and Kacimov 1992; Kacimov 1991 Kacimov , 2006 Kacimov and Youngs 2005; Kacimov and Obnosov 2002; Kirkham , 1950 Kirkham , 1958 Kirkham , 1960 Kirkham , 1965 Kirkham , 1966 Kirkham and van Bavel 1949; Luthin 1966; Pauwels et al. 2003; PolubarinovaKochina 1962; Rybakova and Emikh 1966; Sharma et al. 1991 Sharma et al. , 2000 Toksoz and Kirkham 1971; Warrick and Kirkham 1969; Youngs 1965 Youngs , 1966 Youngs , 1975 Youngs , 1986 Youngs , 1990 Youngs , 1992 analyzed ditch drainage systems for different boundary conditions using different methods. Drainage of ponded area underlain by an impervious layer by an array of fully penetrating ditches was solved by Kirkham ͑1950, 1965͒. The case has been revisited in the present study using hodograph and conformal mapping. An extensive solution has been obtained and some interesting facts have been brought to light.
Analytical Solution
A pattern of drainage from a ponded surface by an array of ditches having spacing 2S ͑m͒ and water depth y ͑m͒ is shown in Fig. 1͑a͒ . The ditches fully penetrate into homogeneous and isotropic porous medium of finite depth d ͑m͒ over an impervious layer. The ponding depth is small. It is also assumed that the flow is steady and satisfies Darcy's law. In view of the significant length of the ditches, the flow in the porous medium can be considered two dimensional in the vertical plane. Due to vertical symmetry of the physical domain, the solution for the half domain ͑ABCDE͒ is sought. Let complex potential W = + i, where = velocity potential ͑m 2 / s͒ which is equal to the negative of hydraulic conductivity k ͑m/s͒ times the head h ͑m͒ plus a constant and = stream function ͑m 2 / s͒ which is constant along streamlines. If the physical plane is defined as Z = X + iY, then Darcy's law yields u = ‫ץ‬ / ‫ץ‬X =−k‫ץ‬h / ‫ץ‬X and = ‫ץ‬ / ‫ץ‬Y = −k‫ץ‬h / ‫ץ‬Y; where u and = velocity or specific discharge vectors in X and Y directions, respectively. The velocity hodograph plane ͑dW / dZ = u − i͒ ͓Fig. 1͑b͔͒ for half of the physical flow domain has been drawn following the standard steps ͑Harr 1962; Polubarinova-Kochina 1962͒. The complex potential W plane ͓Fig. 1͑c͔͒ has been drawn assuming constant= k͑h + y͒ = kd so that = 0 along the ponded surface EA and = kh along the ditch boundary BC. The dW / dZ plane and the Z plane have been mapped onto the upper half of an auxiliary ͑Im Ͼ0͒ plane ͓Fig. 1͑d͔͒ using the Schwarz-Christoffel conformal transformation ͑Harr 1962; Polubarinova-Kochina 1962; Strack 1989͒.
Mapping in Different Planes
Mapping of the Z plane on the plane results in
where t = dummy variable; ␣ and ␤ = transformation or accessory parameters; and C 1 and C 2 = constants. The constants can be found by using values of Z and at two points in the Z and planes. Using the values at points C ͑ =0; Z =0͒ and D ͑ =−␣; Z =−S͒ and then solving
where K͑.͒ = complete elliptical integral of the first kind ͑Byrd and Friedman 1971͒. Mapping of the dW / dZ plane on the plane gives
Similarly to the previous case, using the values at points 
Using Eq. ͑4͒ and the derivative of Eq. ͑2͒ and subsequently integrating along with noting that at C, = 0, and
This mapping can also be written as
Using the values at points C and
Determination of Accessory Parameters
Applying Eq. ͑2͒ at the points E ͑ =−␤; Z =−S + id͒ and
respectively, where F͑., .͒ = incomplete elliptical integral of the first kind ͑Byrd and Friedman 1971͒. These equations can be solved simultaneously for ␣ and ␤ for given values of S, d, and y. Alternatively a relation for y / d can be found from the CB side of the Z plane mapping onto the auxiliary plane ͑i.e., = ϱ; Z = iy͒ as
An extra equation can be obtained by comparing Eqs. ͑6͒ and ͑8͒ and then eliminating S using Eq. ͑9͒ as
Drainage Velocity
The seepage velocities along the water divide line DE and the ponded surface EA are vertically downwards and can be obtained from Eq. ͑4͒
where V = ͱ u 2 + 2 = absolute seepage velocity ͑m/s͒. Therefore the velocities at E ͑ =−␤͒
and at A, V A = k. Once the transformation parameters are determined from Eqs. ͑9͒, ͑10a͒, and ͑10b͒, Eq. ͑2͒ can be used to find at the desired Z along DEA and finally Eq. ͑12͒ ascertains V at that location. Fig. 2 shows the variation in V for different spacings between the ditches, i.e., close spacing ͑2S / d = 0.75͒, moderate spacing ͑2S / d = 1.0 and 2.0͒, and large spacing ͑2S / d = 5.0͒. Further each plot presents the variation for different water depths in the ditch, i.e., empty ditch ͑y / d =0͒, 20% filled ditch ͑y / d = 0.2͒, 40% filled ditch ͑y / d = 0.4͒, 60% filled ditch ͑y / d = 0.6͒, and 80% filled ditch ͑y / d = 0.8͒. These plots give some insight into salt removal rates along the ponded surface as the rate of leaching is proportional to the drainage velocity ͑Kirkham 1965; Youngs and Leeds-Harrison 2000͒. Thus closer spacing between the ditches and smaller water depths in the ditches are beneficial from this aspect.
Quantity of Seepage/Drainage
The steady drainage from one side into the ditch in hydrogeological conditions of Fig. 1͑a͒ can be obtained by using Eq. ͑6͒ at the point
where q = seepage discharge from one side of the ditch ͑m 2 / s per unit length͒, so total seepage into the ditch is 2q. Eliminating S with the help of Eq. ͑9͒
To find the seepage quantity through the seepage face AB or nonseepage face BC ͑water depth portion of the ditch͒, the condition at the point B ͑ =−ϱ; W = kh + iq B ͒ has been used in Eq. ͑6͒ to get
where q B = seepage ͑m 2 / s / m of length of ditch͒ received from one side below the water surface in the ditch ͑BC part͒, therefore q − q B = seepage contribution from the seepage face part of the ditch ͑AB portion͒. After the accessory parameters are determined from Eqs. ͑9͒, ͑10a͒, and ͑10b͒ for different sets of S / d and y / d, Eqs. ͑14b͒ and ͑15͒ have been used to plot graphs in Figs. 3 and 4, respectively. Both the graphs illustrate the variation in seepage from close spaced ditches to infinite spaced ditches. It can be seen that when the spacing exceeds three times the depth of the ditch, there is little change in the drainage/seepage quantity.
Velocity Potential at Stagnation Point
The velocity potential at the stagnation point D ͑ =−␣; W = khЈ͒ can be obtained by using Eq. ͑6͒ 
Unequal Spacing between Ditches
If the depths of water in the adjoining ditches are the same but the spacings between them are different ͑Fig. 5͒, then the water divide lies at the half of the spacing between the ditches on each side. Therefore, the above method can be applied in obtaining q and q B from each side of the ditch. The total seepage in the ditch is the sum from both the sides.
Unequal Water Depths in Ditches
If the depths of water in the adjoining ditches are not the same ͑Fig. 6͒, then the stagnation point does not lie at the midspacing. Its location is a part of the solution. If the water divide ED is assumed normal through the stagnation point D ͓in the true sense it follows a curvilinear path ͑Kirkham 1950, 1965͒ but the difference in the quantity of seepage will be negligible with this assumption͔, then the boundary conditions in the physical and other planes become identical to the standard case, and hence we can write equations for he ABCDEA domain
From the compatibility
and
Therefore Eqs. ͑17͒, ͑20͒, and ͑23͒ result in 
and Eqs. ͑19͒, ͑22͒, and ͑24͒ yield
Eqs. ͑18͒, ͑21͒, ͑25͒, and ͑26͒ should be solved simultaneously to get the accessory parameters ␣ 1 , ␤ 1 , ␣ 2 , and ␤ 2 . Then the seepage discharge, the location of the water divide line ͑ED͒, and the potential at the stagnation point D can be computed using Eqs. ͑14b͒, ͑17͒, and ͑19͒, respectively. A similar methodology may be adopted for other side of the ditch.
Single Ditch
As the spacing between the ditches increases, the point D approaches E in the physical plane and other planes ͑i.e., ␣ → ␤͒. When the spacing is large or there is only a single ditch in the ponded area, then ␣ = ␤ and the transformations in the physical plane and the W plane convert to
and the hodograph plane mapping remains unchanged. The other corresponding relations become
Thus, the accessory parameter for a single ditch can be determined explicitly by Eq. ͑30͒. For a similar case Youngs ͑1994͒ solution is
where Im= imaginary part. Eqs. ͑31͒ and ͑33͒ provide identical results for any value of y / d as the plot 2S / d = infinity in Fig. 3 .
Salient Features
The plots both for q ͑Fig. 3͒ and q B ͑Fig. 4͒ possess some interesting properties. The seepage is maximum for an empty ditch ͑␣ =1͒ and infinite spacing. Thus using ␣ = 1 in Eq. ͑31͒, the maximum seepage q max is found to be
where G = 0.915965594. . . Catalan's constant, which commonly appears in the limiting solutions of seepage problems ͑Chahar 2001 , 2007a Swamee et al. 2000 Swamee et al. , 2001a As the depth of water in a ditch increases the quantity of seepage decreases at a slower rate up to y / d = 0.75 and then at a faster rate to become zero for the full ditch. It is interesting to note that its shape is half of the shape of a channel ͑top width= 2y / d and depth= 8G / 2 ͒ whose perimeter maps along a circle in the hodograph plane ͑Chahar 2006, 2007b͒. Therefore which gives the exact quantity of seepage without involving accessory parameters. Furthermore, this type of shape always lies between a quarter ellipse ͑with major and minor axes equal to 2y / d and 16G / 2 , respectively and vice-versa͒ and a semiparabola ͑inscribed in a rectangle of sides 2y / d and 8G / 2 ͒ and thus any coordinate is very close to the average of coordinates of corresponding ellipse and parabola ͑Chahar 2006, 2007b͒ given by
which avoids the computation of integral in Eq. ͑35͒. Moreover the involved errors in Eq. ͑36͒ have been further reduced by fitting a simple algebraic equation Fig. 7 shows that plots of Eqs. ͑21͒ or ͑35͒ and ͑37͒ almost overlap. It can be observed from Fig. 6 that q B is zero for both the empty ditch and the full ditch conditions. It is maximum for a half full ditch and equal to half of the seepage into an empty ditch corresponding to that spacing, hence
It is interesting that the variation in q B is also identical to the inverted shape of a channel ͑top width= y / d and depth= 4G / 2 ͒ whose perimeter maps along a circle in the hodograph plane and thus
Analogous to the total ditch seepage, the following equations have been obtained:
based on the average of parabola and ellipse and
based on the error minimization. Fig. 7 also reveals the matching of Eq. ͑41͒ with Eq. ͑39͒ or Eq. ͑32͒.
As the spacing between the ditches decreases the seepage also decreases. A perusal of Fig. 3 confirms that for small spacings the quantity of seepage is very sensitive. For spacing greater than 3d it does not vary much. For 2S Ͼ 5d the array of ditches behaves like infinitely spaced, that is, it acts as a single ditch. The underlying functional relationship between the ditch seepage and the spacing between the ditches has been investigated for constant y / d. It has been found through the minimization of errors that for an empty ditch Integrals. Therefore, q and q B are determined in single step computations. Fig. 8 presents q B / q for different values of 2S / d and y / d. It can be seen that the ratio is 0.5 for all values of 2S / d at y / d =1/ 3. This implies that when the ditch is one third full the seepage from the seepage face ͑AB͒ is equal to the seepage from the water depth part in the ditch ͑BC͒. The fitted Eqs. ͑42͒ and ͑43͒ also satisfy this condition. For y / d Ͻ 1 / 3, the q B / q ratio is greater for closer spacing and vice versa. This range of water depth in the ditch is more effective in the drainage and salt leaching.
It should be noted that the present analysis does not consider the effects of the ponded water depth, the side slopes of ditches, and partial penetration of ditches. If the depth of soil ͑d͒ is large then it may not be economical and/or feasible to provide fully penetrating ditches. Also, there may be a stability issue on vertical sides of a ditch; then the ditches may be refilled with boulders, gravel, or other free draining material. If the refilling is uneconomical then the ditches should be trapezoidal in section with side slopes equal to the angle of repose of the soil. The present analytical solution can be extended to deal with partially penetrating ditches of trapezoidal section.
Example
Consider the drainage of a ponded area underlain by an impervious layer at 3.0 m by parallel ditches. Table 1 lists results for the following. Case 1 ͑unequal spacing and unequal depth of water͒: water depth in ditch y = 1.5 m, left side ditch at 5 m ͑2S 1 =5͒ having depth of water y 1 = 2.0 m, and right side ditch at 4.0 m ͑2S 2 =4͒ having depth of water y 2 = 1.0 m. Case 2 ͑unequal spacing and equal depth of water͒: y = y 1 = y 2 = 1.5 m, 2S 1 = 5 m, and 2S 2 = 4 m. Case 3 ͑equal spacing and equal depth of water͒: y = y 1 = y 2 = 1.5 m, and 2S 1 =2S 2 = 5 m. Case 4 ͑equal spacing and zero depth of water͒: y = y 1 = y 2 = 0 m, and 2S 1 =2S 2 =5 m.
If there is single ditch with y = 1.5 m then q / kd = 1.220 and q B / kd = 0.742. If the ditch is empty, then q / kd = 1.483. The effect of the spacing and the depth of water in ditches on different variables are evident from Table 1 .
Conclusions
An exhaustive analytical solution for the quantity of seepage from a ponded surface can be obtained using hodograph and SchwarzChristoffel transformation. The variation in the seepage quantity is like the shape of the curved channel whose boundary maps along a circle onto the hodograph plane. The seepage contribution from the nonseepage face is maximum for a half full condition and it is half of the total seepage in an empty ditch ͑full seepage face͒. Irrespective of the spacing between the ditches the seepage from the seepage face part and the nonseepage part is equal for a one third full ditch. The expressions for the quantity of seepage contain accessory parameters along with improper integrals, which can be simplified in explicit algebraic equations that result in an answer in a single step computation. 
